(CS340: Discrete Structures Exam #1
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Open book, open notes, calculator use okay. (/ O 2@ /{’O/"aj\

1. (8 points) Give a proof of the following statement about integers. Use only the
definitions of odd and even, together with algebra. Do not use any other known

information about odd and even numbers. Use complete statements and make your
chain of reasoning clear.

If Sx + yis odd and x is even, then y is odd.

Since S¥X+4Y 5 odd, Sty = éﬂ\/ t1 Aor Some \/f‘f‘ 2
Sinwe X is eveén x-= )/é for SOme kK eEF

S X4y = j/zk)+j: 2j*1

JOKFY= 2)FL

/: .Q\/'—/[)k o )

g m20)-5K)+1
Since J'-S'K ez/y /5 se Fle fv’/,y‘ g +1.
Tlerve fore / js odX. RED.

2. (12 points) Evaluate each expression.
a. power({a, b}) = Zﬁ /{4> b/? ;ﬂj 55 )?
b.{a,b,ct~({a, by N {be,dp=__Ja_cf{
c.{a,b}x{7,8,9=_/(4,7) (a,;5) (a.d) (b7) (535) (5,7)F

d. floor(logy(3) = /24, (22) £ Jp,(59)L Jo9/24) - 5< Jpatou) K € - &
i A e e :

For the following expressions, let f : N, — N- be defined by f(x) = (2x+1)mod 7. * (%

D\

@0 2y=_70.2 4 |3

e. 1, = ¢ O, .
f.range(f) = Q) a} A Il“wg-

3. (6 points) Let A={3n+6|nEN}andlet B={3k+3|k€EN}. Prove that S 4
ACB. %55[,,”,( y,gﬂj Want fo show X € B. 6 A

N=3nté “/d/ Se AN éM.
Yy=351+3 +3.
x=3(n+1)*3-
Sine Nt 6}\[) X ¢ Ja Fha
Liviw 2P+3 Hor spme & /A
//\ﬁ,x' /:1/67 X € /j ,r"f\)aﬂ ™)
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4. (S points) Find an expression for the number of strings over the alphabet 25 4.9.7- «).
{a, b, ¢, d} that have length 6 and such that the first letter in each string is eithera 247
or b, and in which each string contains at least one c.

let U= ,7‘mnls of //)/L é sfa,f,n/ wih a ar b

)= 2-45% 2o4s | |
Lot & Strirss Hod start wift & oc b and confain ol A, ‘5”‘/

s)e Z-BF=1HE86 B ]
‘m/)ff e, Wiadl U-S, Since SEU, Ju-sl-Jal-[s]= 245 - 2.25-

S. (5 points) Solve the following language equatlon 1ot L B .
{A,b,ab}L={A,a,b,ba,ab,aba}. QJOL/& U 45é2

= Checkins:
Z, é./l__)a»j { 5 }g_/\— 43 AAAABA\QQ&\EA«QQ
6. (6 points) Given the following'graph.’ (

/\E
\/\
C/\K/

a. Write down the vertices of the graph in the order that they are visited by a
breadth-first search of the graph that starts at vertex A.
)] . BE We 0 // : CN\m PLE =~
AU&LLu }\%(HF% € AC,B%:KDFHG
b. Write down the vertices of the graph in the order that they are visited by a
depth-first search of the graph that starts at vertex A.

(,}EN{:{U\\,; Foem=™
A [ EFG,

. DHE ¢
T0 T 0 KHD D

EXAMPLE ANSWER:

R

I

ATBC EFGWLHUD
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7. (6 points) DraW{‘_Mimal spanning tree for the following weighted graph: \
F G Fooa
L ] T
}
NN A /
A—— B ol

8. (8 points) Let Q+ denote the positive rational numbers. Let f : Q+ — Q+ be
the function defined by f(x) = x/(x + 3).
a. Show that f is injective.

s iayechive W L= {( imelies x=y. Assume £60=11(5)

)(/x+3 = %43 s X
Y3 = x(y+3) j&%
Xy+3y= ¥y +rsx /S '
29 = 3% et
b. Show tﬁat f1s NOT surjective.

SSuUme -('\s Surie rive .

TL’\-Q(Q'(OIQ —?(X\f j 4'0/ Q\)Qf.»j j eG*—‘\

Considar y=\. kx:x*rz

‘((7‘3"‘\ “ } O:g, ‘ (

,7%.*3:‘ \. fpn'f/r\a//c{‘/ﬁ" . ' \ ,..
Theredoce £Lis not fui/cclwe‘ WED. "‘([‘)

9. (6 points) Let f : Ng — Ng be defined by f(x) = (3x + 1) mod 8. Find a fOI‘IH/Ii]/E/l/ o

|

[ H

for f', the inverse of f. - e v g
Sce 2,4 oA pPese /09 C%\.s?c‘t{ﬂj =7 i ;’i
Fx)= BX+ () mod RO s 0O

N /i ¢ , WO ¢ 3

La b z

: " i i
S'/‘n . jC/(d/”) - ‘7(//5/ (5’): /) 7/ it %y"\oc//}/? 4 / 6)(/3’%.

f’/)(>= /;{”x-f() mod £
£f(O)= 0 = C:/{m)-//,'if, 125 1
/7 A /<7L n.-m “/0‘/ S e 1
)= 3(K)+ T (M) g P B =5 =I5 aa0
EXAMPLE  ANSWEZ-
F"/x}—- Q(x teymod § 3
— rd

b SN oz B W
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10. (6 points) Let / P /7 . / /
S = { June, July, August, September, October, November, December }

and suppose that 4: S — N is the hash function defined as follows, where | x |
denotes the length of string x.

h(x) =1xImod 7.

Use & to place each month of S into the following hash table starting with June, and
proceeding in order (June, July, ... December}. Resolve collisions by linear
probing with a gap of 2.

0 October

1] Aveaet

2| september
3 N Ol\/Q M ‘ac s
4 Jvuane

5 Dd (2 n\ ber
6] Tuly

1l @ poi/nts) Whapis ghe cardinality of {2, 5,8, ... 35, 38}?
s=03K=1) b K 31z, 0,15 s [9]=13

12. (4 points) Show that the set of negative integers is countable by establishing a
bijection between the set an N.

vy= N= o 2 3 4 .-

| am @ = =5 L.,
()= Neg= -1 72 73
! [ e ?fm: = (x+ 1),

o) - ol SUEaNe = (‘“H'\ )
‘F l\('\ "/’\1{7(~%.I~J€ SA\A e ‘({)(35 ((j} }/\"\g‘)“(’? —(x » \vJ .
/ : ‘w‘.“\[/)b: £’S —RA = "j = XF

s N . el § (
‘(\5 §L\(Jec4w‘€ S'in ¢o CA ch v € [\]5’7 CAn~ pe @kvgff,dr.”,.

as (‘{}x) 5 »{(){) = ‘Lj *-{(_‘\/ (ﬁ <0
= Z O
—H S ==
(#bx_\%/_o\
f - C_-\, ) T
T‘,\Qrﬁwfcff 4);>'-\ \mples X éﬁ\“—

‘C S L;‘zi\éc__“’;\/?‘ <l/\C,P AT e !"A.Ll‘i-n{nlﬂ €A 1¢ }‘\205‘1‘ /\)f—: M.
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13. (12 points) Wrilg/éut an inductive definition for each set. _H,=8," T
a. S={x| xE{Z"andxmod4= OF:= EO, HJ"‘I)gJ'g, ’2/"?)"3
FASIS: O €S —
2 s 0@ Y -4 ES o

INDUTIoN: JF X €S then XtH €S an
b. S={x|x€E Lists({0, 1}) and x has even length}.

BASIS: () €S o::?::;
T : 0. ‘e

\NDMC’”OM ,Lf X € § _H’\e*’\ 50 o {23 0(:: ;{x

=Nx{a, v o4 P

Bisis: (0, M€ . o b2
‘Nwﬁwgﬁ: I( (njxxeg ’\"L@V\ <o a(e (V\H)X>)(/\)0\X>)cw V\) J
14. (16 points) Write a recursive definition for each of the following functions.
Write your definitions in either if-then-else form or as pattern-matching equations.
a. f: N—= Ndefinedby f(n)=0+4+8+ ... +4n.
ﬂ((o‘).. @) 1-@ nE © then O

DR IORRTED B else {(n-1)+ Hon

b. g : Lists(N) — N defined by g({x;, ..., x,)) =X + ... + x,.

J(O)fo 6 L=¢> Yhen 6
L?(X::L)z XTJ(L> o \e‘_\_g;e }/\@;\d((,)“(" .
c. h: Lists(A) — Lists(A x A) defined by j ( e {L))
| (G5 L VST (10 1 TR ) )
h <,<>> - \ I Lrds then O
(v = (0 k(D) 2lie Cons ((‘“f:ff;)@

d. leaves: BinaryTrees(N) — N where leaves(7) is the number of leaves in 1/\(+a' | (L)] 3
the binary tree 7. ‘ l )

) eaves (<>> = &
| eaves (( <>,0\,<>>\) =1

\ € aves ( L, &, K} = | eaves (L) + |eaves ((\‘)
(T= 4> teen e Lol e oot il e

it o A/’CDL \Q\({(‘O (x3k+(<)'<,
plee T T = <o, a, O Yhen

— 1

A= \ eaues (\e‘%* ?‘ﬂ\ + \eaves (,f"\ﬁw (T))-



